We conduct a comparative study to evaluate several lattice Boltzmann (LB) models for solving the near incompressible Navier-Stokes equations, including the lattice Boltzmann equation with the multiple-relaxationtime (MRT), the two-relaxation-time (TRT), the single-relaxation-time (SRT) collision models, and the entropic lattice Boltzmann equation (ELBE). The lid-driven square cavity flow in two dimensions is used as a benchmark test. Our results demonstrate that the ELBE does not improve the numerical stability of the SRT or the lattice Bhatnagar-Gross-Krook (LBGK) model. Our results also show that the MRT and TRT LB models are superior to the ELBE and LBGK models in terms of accuracy, stability, and computational efficiency and that the ELBE scheme is the most inferior among the LB models tested in this study, thus is unfit for carrying out numerical simulations in practice. Our study suggests that, to optimize the accuracy, stability, and efficiency in the MRT model, it requires at least three independently adjustable relaxation rates: one for the shear viscosity ν (or the Reynolds number Re), one for the bulk viscosity ζ , and one to satisfy the criterion imposed by the Dirichlet boundary conditions which are realized by the bounce-back-type boundary conditions.
I. INTRODUCTION
The lattice Boltzmann equation (LBE) has been used to solve a wide range of of problems in computational fluid dynamics (CFD) (cf. reviews [1, 2] and references therein). There are several variations of the LBE, including the lattice Bhatnagar-Gross-Krook (LBGK) model or singlerelaxation-time (SRT) model, the entropic model [3, 4] , and the two-relaxation-time (TRT) [5] [6] [7] and multiple-relaxation-time (MRT) [8] [9] [10] [11] models. All these LB models can be derived from the linearized Boltzmann equation [12, 13] , and the difference between them resides in their collision terms. The LBGK model is the simplest in appearance and thus is also the most popular one. However, the LBGK model has several inherent deficiencies including numerical instability and inaccurate boundary locations [14, 15] . The entropic LBE (ELBE) is intended to overcome the numerical instability of the LBGK model [3, 4] . The MRT-LB model is the most general form derived from the linearized collision model within the theoretical framework of the LBE and kinetic theory-it includes all possible degrees of freedom to optimize the LBE, and it has been shown to be superior over the SRT models in terms of accuracy, stability, and computational efficiency [10, 15, 16] . The TRT model allows only two most important relaxation rates in the LBE; it retains some advantages of the MRT model in terms of accuracy and stability, while maintaining the simplicity of implementation and hence the computational efficiency.
symmetric, that is, V = −V , and has a zero velocity c 0 = 0. The total number of discrete velocities in V is q = (1 + b), including one zero velocity and b nonzero ones. An LB model with q velocities in d-dimensional space is usually denoted as a DdQq model. In this work, we use the D2Q9 model on a square lattice, of which the discrete velocity set {c i |i = 0, 1, . . . , 8} is 
where c := δ x /δ t . In general, the LBE can be concisely written as the following:
f(x i + cδ t ,t n + δ t ) − f(x i ,t n ) = (f),
where the bold-font symbols represent q-dimensional (column) vectors f(x i + cδ t ,t n + δ t ) =: [f 0 (x i ,t n + δ t ),
. . , b (x i ,t n )]
† , † denotes the transpose operation, f i (x j , t n ) is the distribution function corresponding to the discrete velocity c i , and i is the change in f i due to collisions.
For the purpose of solving the incompressible NavierStokes equations, most collision models in the LBE (2) are based on the linearized collision operator. This study focuses on the following LB models: the MRT [8] [9] [10] [11] , the TRT [5] [6] [7] , the SRT or the LBGK [20] , and the entropic LB [3] . We first discuss the MRT model, of which the collision model can be written as
where m and m (eq) represent the velocity moments of the distribution functions f and their equilibria, respectively, m = [m 0 (x i ,t n ), m 1 (x i ,t n ), . . . , m b (x i ,t n )] † ,
1 (x i ,t n ), . . . , m
M is a q × q matrix which linearly transforms the distribution functions f ∈ V ≡ R q to the velocity moments m ∈ M ≡ R q ,
andŜ is a non-negative q × q diagonal relaxation matrix [8] [9] [10] [11] . The LB method was created as an alternative CFD solverit is not intended as a solver for the Boltzmann equation. The quantities of interest to macroscopic hydrodynamics, such as the density ρ, the flow momentum ρu, and the total energy ρE, as well as their fluxes, are (velocity) moments of the single-particle mass distribution function f (x, ξ , t) in the phase space := (x, ξ ), which satisfies the Boltzmann equation, and it is therefore natural to deal with equations of moments (cf., e.g., [21] ). The MRT-LBE is formulated in the spirit and tradition of kinetic method in this regard: The collision process is approximated as linear relaxations in the space of moments, and the relaxation rates are directly related to transport coefficients, while the transport process is independently executed in velocity space. The MRT-LBE is not only theoretically elegant, but practically advantageous, as we demonstrate through this study.
Corresponding to the nine discrete velocities of the D2Q9 LB model, {c i |i = 0, 1, . . . , 8}, there are nine velocity moments {m i |i = 0, 1, . . . , 8}. The labeling (or the ordering) of these moments is arbitrary and we will use the convention given by Lallemand and Luo [9] , that is, m 0 = δρ, m 1 = e, m 2 = ε, m 3 = j x , m 4 = q x , m 5 = j y , m 6 = q y , m 7 = p xx , and m 8 = p xy . The conserved moments in the system are the density ρ = ρ 0 + δρ, where ρ 0 = 1 and δρ are the mean density and the density fluctuation, respectively, the flow momentum j = (j x , j y ) = ρ 0 u, where u = (u, v) is the flow velocity. (Because energy is not a conserved quantity in the LB models considered in the present, thus these LB models are athermal.) The physical significance of the other six nonconserved moments can be found in the literature [8] [9] [10] [11] . The equilibria of the conserved moments are themselves, and the equilibria of the nonconserved moments are given below: 
By considering only δρ in various parts of the equilibria pertaining to the mass conservation, the effects of the round-off error can be reduced [22, 23] , especially when |δρ| 1. Since the density fluctuation δρ and the flow velocity u are decoupled, the above model approximates incompressible flows [22] . With ordering of the discrete velocities {c i } and the moments {m i } given above, the transformation matrix M is [8] [9] [10] [11] 
Note that rows 4 and 6 uniquely define the ordering (or labeling) of the discrete velocities {c i }. Correspondingly, the diagonal matrix of non-negative relaxation rates 0 < s i < 2 is given by S = diag(0, s e , s ε , 0, s q , 0, s q ,s ν , s ν ).
With the equilibria given by Eqs. (5), the first-order 
q (1) x,y = 0.
The speed of sound in a quiescent media for the D2Q9 model is
and the shear viscosity ν and the bulk viscosity ζ are ν = 1 3
where s ν is the relaxation rate for the moments p xx and p xy , which are related to the off-diagonal elements of the stress tensor, and s e is the relaxation rate for the moment e, which is related to the diagonal elements of the stress tensor. The dissipation for (longitudinal) sound waves or density fluctuations in the system is (ν + ζ )/2. If we set the relaxation rates for the even-order nonconserved moments (i.e., e, ε, p xx , and p xy ) to s + = 1/τ and those for the odd-order ones (i.e., q x and q y ) to [14, 24, 25] 
then the MRT model becomes the TRT model [5] [6] [7] . If we set all relaxation rates {s i } equal to 1/τ , then the MRT model reduces to the LBGK model with SRT, of which the equilibrium distribution functions are
where w 0 = 4/9 for c 0 = 0, w 1,2,3,4 = 1/9 for c 1,2,3,4 = c, w 5,6,7,8 = 1/36 for c 5, 6, 7, 8 = √ 2c, and c s = c/ √ 3. The collision model in the LBGK equation is
The ELBE proposed by Ansumali et al. [3] has the BGK collision term with the following equilibria:
where Greek subscript α denotes the Cartesian coordinates {x, y} or {1, 2} in 2D and c iα /c ∈ {−1, 0, + 1}. The above equilibria can also be rewritten as [26] 
For both the LBGK and ELBE models with one relaxation time τ given above, the shear viscosity ν and the bulk viscosity ζ are given by [9] 
The attenuation coefficient (or dissipation) for acoustic waves (or the density fluctuation) in the system is ζ + ν/2 = ν for the LBGK models. Consequently, the LBGK models are prone to numerical instabilities when ν is small (or τ close to 1/2), because there is no ν-independent mechanism to keep the density fluctuation in check.
A few remarks regarding the ELBE model [3] described above are in order here. First of all, the equilibrium moments computed from the equilibrium distributions of Eqs. (14) or (15) 
Thus, except p (eq) xy and the terms involving δρ · u, which are neglected by the incompressibility approximation [22] , one difference between the ELBE and MRT-LBE is the O(u 3 ) terms in the odd-order equilibrium moments, q (eq) x and q (eq) y , which affect the Galilean invariance of the model [9] , while the difference in the even-order equilibrium moments, e (eq) , ε (eq) , and p
xx , is of the terms of the order O(u 4 ). Second, based on our experience and understanding of the LBE, it is unclear theoretically how the ELBE with a constant relaxation parameter τ can improve the numerical stability of the LBGK scheme, as it has been advocated [3, 4] . Furthermore, if the equilibria of Eqs. (14a) are replaced by their low-order Taylor expansions in u, as suggested in [26] , then it can be shown rigorously that the equilibria of polynomial form cannot admit an H theorem [27, 28] and the ELBE is no longer entropic. In this study we numerically demonstrate that the ELBE model does not improve the numerical stability of the LBGK model in any way, contrary to previous claims [3, 4] .
We would also like to comment on the general characteristics of the LBE. First of all, the relevant physical quantities of the LBE are the conserved quantities; that is, the density ρ and the momentum ρu for the athermal LB models. The pressure p and the velocity u are derived or indirect quantities. The conserved quantities, ρ and ρu, obtained with the LBE can only approximate p and u, which are the solutions of the incompressible Navier-Stokes equations [29] . Since the density ρ is an intrinsic variable of the LBE, the compressibility associated with the density fluctuation is inherent in the LBE. Thus, the second point is that all LB schemes are intrinsically compressible in the sense that the density is an essential variable and the velocity field is never divergence free. The so-called "incompressible" LB schemes (e.g., [22] ) can only alter the compressibility effect quantitatively, but can never eliminate it entirely. Theoretically, the incompressible Navier-Stokes equations can be derived directly from the Boltzmann equation in the diffusive scaling limit δ 2 x /δ t = 1 (cf. [29, 30] and references therein), and the exponential tail of the Maxwellian equilibrium when ξ → ∞ is indispensable in this derivation. With a set of finite discrete velocities {c i |i = 0, 1, . . . , b}, the LBE cannot possibly satisfy the Poisson equation exactly, which requires the pressure to propagate throughout the system instantaneously, that is, with a propagating speed of infinity. Thus, the LBE is intrinsically compressible and can only approximate the incompressible Navier-Stokes equations. The pressure p in the LBE is coupled to the density ρ through a simple equation of state p = c 2 s ρ for ideal gases, and in this way the LBE is related to the artificial compressibility method [31, 32] .
It is also worth noting that the only important distinction between the so-called "incompressible" and the "compressible" LB schemes lies in the acoustics of the system. The speed of the sound waves in the incompressible LB schemes is incorrect (cf. Eq. (48) and relevant discussions in [9] ),
where Ma = V /c s , V = V , V is the constant streaming velocity of the media, and φ is the angle between V and the wave vector k of the acoustic waves [9] . In order to have a correct speed of acoustic waves, C s = V cos φ ± c s , one must use the compressible LB schemes, that is, replacing ρ 0 by ρ in the equilibria of Eqs. (5) and (12) . Since we are only concerned with steady-state calculations in this study, while the incompressible approximation can improve computational efficiency a little by avoiding the divisions by ρ in computing the equilibria and possibly reduce the compressibility effect [22] , its defect in the acoustic propagation will not affect the results negatively.
B. The bounce-back boundary conditions
The BB BCs in the LBE are used to realize the Dirichlet BCs. The BB BCs are easily to implement: When colliding with an impenetrable wall with a velocity u w , the particle simply reverses its momentum normal to the wall and gains an additional momentum due to the wall velocity u w , that is,
where fī and f i correspond to the discrete velocity cī and c i , respectively, and f i (x b , t) in the right-hand side of Eq. (18) is the postcollision distribution function; cī = −c i ; the component of c i normal to the wall is pointing outward from fluid domain to the wall; x b is a fluid node adjacent to a wall boundary; and u w is the wall velocity at the point where the particle of the velocity c i collides with the wall. The BB BCs are implemented as follows. Beyond the boundary, an extra (ghost) layer of nodes is used to store the distribution functions f i , which move out of the flow domain in the advection step.The collisions between these particles and the wall are accomplished by reversing themselves to fī and gaining the amount of momentum −2ρ 0 w i c i · u w /c 2 s ; they are then copied to the fluids nodes where they came from through the advection.
The BB BCs have been studied in detail and are well understood [14, 24, 25] . The analytic solutions for the LBE with the BB BCs can be obtained for simple flows, such as the Poiseuille and Couette flows [24, 25, 33, 34] . For the Poiseuille flow driven by a constant body force G = ∇p and with its walls parallel to lattice lines, the actual channel width H observed in the simulations is given by [14, 24, 25 ]
where H 1/2 := Nδ x and N is the number of fluid nodes across the channel. That is, only when the relationship between s q and s ν of Eq. (11) is satisfied, = 1/2 and H = H 1/2 ; the no-slip BCs at the channel walls are indeed satisfied at the δ x /2 beyond the last fluid nodes; and the maximum velocity at the channel center line is U max = GH 2 /8ν. If H = H 1/2 , then the LB solution is inconsistent with the incompressible Navier-Stokes solution we desire.
For the ELBE and the LBGK schemes with only one relaxation parameter τ , Eq. (19b) becomes
Therefore, = 1/2 if and only if ν = 1/(2 √ 6) (or τ = 1/2 + √ 6/4 ≈ 1.1123). In the interval 1/2 < τ 1/2 + √ 6/4, we have −1 < (4 2 − 1) 0 or 0 < 1/2. Consequently, the error of the inaccurate boundary location is within one lattice spacing δ x . This explains why the LBGK simulations of flows of high Reynolds number with τ < 1 have relatively small errors at the boundary. Since this error at the boundary is quadratic in ν (or τ ), it becomes considerable or even intolerable when τ 1, which is the case for the Stokes or creeping flows and is practiced in simulations of flow through porous media [14, 15] . This error of the LBGK schemes with the BB-type BCs is ostentatiously manifested in simulations of flow through porous media with very low Reynolds numbersthe permeability obtained by the LBGK schemes is viscosity dependent, which is unphysical [14, 15] .
Due to the intuitive nature of the BB BCs, it is often mistakenly assumed that, in the ELBE and LBGK schemes, the imposed Dirichlet BCs are indeed satisfied either right on the last fluid nodes adjacent to boundary or one half or one full grid spacing beyond them. This forms the basis of the misguided idea that the nonzero velocity in the vicinity of the last fluid nodes can mimic the Knudsen layer in rarefied flows (e.g., [35] [36] [37] ). However, a close examination shows that the ELBE or LBGK schemes with the BB-type BCs are inadequate to model the Knudsen layer for the following reasons. The first is that, theoretically, the LBE is a truncated model valid for the Navier-Stokes equations and is incapable of modeling higher-order moments of the distribution function [38] [39] [40] [41] . The second is that the velocity near the boundary depends on the grid resolution N ; thus, the solution with fixed Re, Ma, and Kn does not converge as N increases [41] . A more detailed discussion of this point is deferred to Sec. III C.
III. RESULTS AND DISCUSSIONS

A. Lid-driven square cavity flow in two dimensions
We use the lid-driven square cavity flow in 2D as a test case to compare the lattice Boltzmann models. The 2D lid-driven flow prescribed by the 2D incompressible Navier-Stokes equation on a square domain :
where u(x, t) and p(x, t) are the velocity and the pressure field, respectively, and U is the sliding velocity of the top wall. The Reynolds number of the flow is defined by the sliding velocity U , the dimension L of the cavity, and the viscosity ν, that is, Re = UL/ν.
The 2D lid-driven square cavity flow has been studied extensively and employed by many as a benchmark test (cf., e.g., [17, 18, [42] [43] [44] [45] ). While the geometry of the flow domain is simple, the flow exhibits complicated features. Small vortices developed at the corners and other locations can be difficult to capture numerically for they are weak and small. The flow becomes unsteady when the Reynolds number is beyond a certain critical value and eventually becomes turbulent. In this work we will restrict ourselves to the steady states of the flow with Re = 100, 400, and 1000. The criterion for reaching steady state in the LB simulations is given by
where u 2 denotes the L 2 norm of u. We compare the LB simulations with the results obtained by using an explicit Chebyshev pseudospectral (PS) multigrid (MG) method (cf. [18] and references therein) together with a singularity subtraction technique (cf. [17] and references therein) to deal with the corner singularities. With the singularity subtraction technique, PS-MG methods can yield very accurate results effectively and efficiently [17, 18] .
For the LB simulations, the viscosity in the units of δ x and δ t is determined by
where U = 0.1c unless otherwise stated and L = N x δ x . Therefore,
For the MRT and TRT models, Eq. (11) is used to determine the value of s q , which is the relaxation rate for the heat fluxes q x and q y . The other two relaxation rates, s e for the energy mode and s ε for the energy square mode, are set to 1.64 and 1.54, respectively [9] . We use the BB BCs in the LB simulations. The nodes on the top two corners belong to the moving lid in the LB simulations. The value of U = 0.1c is not chosen entirely arbitrarilyit is a compromise between accuracy and computational efficiency. The value of U cannot be too large or the LB code becomes unstable. Also the compressibility error in the LBE is of O(U 2 ) [29, 43] ; therefore, U should be as small as possible for the sake of accuracy. As a practical rule, one should restrict u(x, t) < 0.2 throughout the entire flow domain and for all time so that flow is nominally incompressible. On the other hand, larger U also means better computational efficiency, because the number of iterations to reach steady state, N t , is proportional to the hydrodynamic diffusive time scale in the system, that is,
Thus, the number of iterations N t and the computational time are inversely proportional to U with both the mesh resolution N and the Reynolds number Re fixed. One can also see that increasing U effectively increases the Courant-FriedrichsLewy (CFL) number, thus decreases the computational time as a consequence. 1 In PS methods, both the stream function ψ and the vorticity ω can be obtained analytically from the velocity u. In the LBE, ψ is computed by using Simpson's rule for numerical integration:
where ψ(x = 0, y) = 0, and the vorticity ω are computed from u by using the following finite difference formulas:
Note that the above formulas used to compute ψ and ω are valid only in the interior of the flow domain {(x i , y j )|2 i (N x − 1), 2 j (N y − 1)}. For the fluid nodes next to the 1 The CFL condition requires that U < x/ t, where U is the characteristic velocity of the flow, and x and t are the grid spacing and the time step size, respectively, both of which are free parameters to be chosen. For the LBE, the incompressibility condition requires that U/c s < Ma * , where Ma * ≈ 0.3 is the approximate upper bound of the Mach number, that is, U < (Ma * / √ 3)δ x /δ t . Therefore, the Mach number limit in the LBE can be seen in the way similar to the CFL condition. However, it is important to stress that the CFL condition and the Mach number limit are not equivalent. boundary or on the boundary nodes, special consideration must be given because the distance between the last fluid nodes and the boundary is only δ x /2 as opposed to δ x (cf. the discussion in Sec. II B). For the fluid nodes next to the left boundary x = 0, that is, ∀ (x 1 , y j ) 1 j = N , the following formula is used:
where (x 0 , y j ) denotes a node on the left wall x = 0. Note that the velocity u is specified by the BCs at the boundaries; thus, the above formula can be simplified to
because u(x = 0, y) = 0. Similar formulas can be devised for the right, top, and bottom boundaries. On the boundary, we use Tom's formula to compute the vorticity:
At the four corners, we simply compute the vorticity as the following:
(28b)
B. General flow features
We first compare the pressure p(x, y), the stream function ψ(x, y), and vorticity ω(x, y) obtained by the PS and LB methods. We found that, in many cases, the results obtained by the MRT-LB and TRT-LB schemes are very close to each other; so are those obtained by the LBGK and ELBE schemes. Therefore, we only show the MRT-LB and ELBE results unless otherwise stated. For the PS method [18] , the number of collocation points in each dimension is N = 96, and the mesh size for the LB simulations presented in this section is N x × N y = 129 2 unless otherwise stated. In LB simulations, we always use an odd number of grid points in each dimension to reduce the oscillations due to the spurious conserved quantities [46, 47] .
In Fig When the Reynolds number Re is increased to Re = 400 (τ = 0.596 75 and 1/s q ≈ 2.437 984 495), as shown in Fig. 2 , the pressure field p and the vorticity field ω obtained by using the ELBE scheme start to oscillate in the upper-left corner, while those obtained by the MRT-LB and TRT-LB schemes remain close to the PS results without oscillations. The oscillations in the ELBE simulations are, in part, due to the fact that there is insufficient dissipation to the higher-order moments in the model. This is evident because the results obtained by using the TRT-LB scheme do not exhibit any oscillation; that is, a larger dissipation to the heat flux modes (q x , q y ) is sufficient to prevent the oscillation.
When the Reynolds number Re is further increased to Re = 1000 (τ = 0.5387 and 1/s q ≈ 5.344 961 24), as shown in Fig. 3 , the oscillations in both the pressure field p and the vorticity field ω obtained by using the ELBE scheme become quite severe, for lack of sufficient dissipation to the higher-order moments, while the results obtained by both the MRT-LB and the TRT-LB schemes remain free of oscillations and close to the PS solutions.
We observe that the general features in the vorticity fields obtained by both the TRT-LB and the MRT-LB schemes agree with the PS results better than the pressure field p does. This is expected because the pressure field p in the LBE is not solved as accurately as the velocity field u [29] . To make a closer examination of the oscillations in p and ω observed in the ELBE and LBGK schemes, we also carry out simulations at Re = 1000 with a larger mesh size of N 2 = 257 2 (τ = 0.5771). In Fig. 4 we show the pressure field p and the vorticity field ω in the small area at the upper left corner (x, y) ∈ [0, 0.1] × [0.9, 1.0] where the ELBE and LBGK simulations oscillate severely. Because the results of the ELBE and LBGK schemes are so similar to each other, only the results obtained by using the ELBE scheme are shown in Fig. 4 . We found that the ELBE scheme does not reduce the oscillations in the simulation; consequently, it does not improve the numerical stability of the LBGK scheme, which are discussed further later. The results obtained by the TRT-LB and MRT-LB schemes are very close to each other and much closer to the PS results (which are not shown in the figure, but are discussed later). We note that the LB schemes are only first-order accurate for the pressure field p [29] . Thus, the pressure field obtained by using the LB schemes is expected to be significantly different from the PS solution. We also note that the vorticity field obtained by using the ELBE and LBGK schemes is less oscillatory than the pressure fields.
We compile in Tables I and II , respectively, the positions of the primary and two secondary vortices, as well as the intensities of the pressure p, the stream function ψ, and the vorticity ω at the vortex centers, which are determined by the locations of local extrema of the stream function ψ. In these tables, we also include the data obtained by using the PS methods [17, 18] . For the data obtained by a PS method [18] , the flow fields are interpolated to a very fine, equispaced mesh with the grid spacing of 10 −6 L, and the vortex centers and their intensities are found on the fine mesh. In the Tables I  and II , blank entries indicate the results obtained by using the LB methods which have at least six significant digits identical to that obtained by using the MRT-LBE with the same mesh size. For example, in Table I , in the case of Re = 100 with N = 513, the results obtained by using the TRT-LBE agree with that obtained by the MRT-LBE in at least six significant digits; thus, the entries corresponding to the TRT-LB results are left blank in the table. Note that for the LB results, the vortex centers are determined by finding extrema of the stream function ψ on grid points; thus, the error in the vortex centers is of the order O(1/N ). Clearly, the positions of the primary and secondary vortex centers obtained by the LB schemes are identical in most cases, and the difference is only one grid spacing δ x = 1/N at most. The LB results for the vortex positions also agree with those obtained by using PS-MG methods [17, 18] . The intensities of p, ψ, and ω at the vortex centers obtained by using different methods agree well with each other for the given mesh resolution. For the primary vortex, the intensities of both the stream function ψ and the vorticity ω at the vortex center have agreement of three significant digits, while the pressure p obtained by using the LB schemes only achieves one or two digits agreement with the PS-MG data, and the discrepancy in p clearly grows as Re increases. The sizes of the secondary vortices are much smaller than that of the primary one, and the intensities of p, ψ, and ω at the secondary vortex centers are significantly weaker than those at the primary vortex center, especially at low Reynolds numbers. For example, with Re = 100, at the center of the secondary vortex at the lower-right corner, the intensities of p, ψ, and ω are weaker than their counterparts at the primary vortex center by a factor about 4, 10 4 , and 10 2 , respectively, and the vortex at the lower-left corner is even smaller and weaker. Nevertheless, the LB simulations are able to quantitatively capture the general flow features.
With Re = 1000, a tertiary vortex appears at the lower-right corner, which can be accurately captured by the PS method with at least five significant digits (cf. Table 14 in [17] ). Both the MRT-LB and the TRT-LB schemes can capture the tertiary vortex with a resolution of N = 129, but not the ELBE and LBGK schemes. However, with a higher resolution of N = 257, all the LB schemes can capture the tertiary vortex, as shown in Fig. 5 . We note that the stream function ψ obtained by using the PS-MG method [18] exhibits high-frequency oscillations near the right wall, which affects the results of the tertiary vortex. We tabulate the results for the tertiary vortex in Table III . The values of p, ψ, and ω of the PS-MG method [18] given in Table III are estimated by using data probing tool of Tecplot, which is used to generate the contour plots of Fig. 5 . We note that the stream function ψ at the tertiary vortex center is extremely weak-it is of the order O (10 −8 ). With the resolution of N 2 = 257 2 , the intensities of ψ at the tertiary vortex center obtained by both the MRT-LB and the TRT-LB schemes are about 20% weaker than the very accurate value obtained by using a PS-MG method [17] , while the result of the ELBE scheme is weaker than the PS-MG result by a factor of about 5. It is remarkable that the LB schemes can capture the tertiary vortex at all, in spite of its minuscule extent and weak intensities.
C. Flow fields near the boundary
In the previous section, we show that all LB schemes can capture general flow features of the flow, such as locations and intensities of primary and secondary vortices. We observe that the pressure fields near the top sliding lid obtained with the TRT-LB and MRT-LB schemes differ from each other, indicating the effects of the relaxation rates s e and s ε on the pressure field p. This is conceivable because s e directly affects the dissipation of the acoustics (pressure waves) in the system, while s ε affects it indirectly through a higher-order moment ε.
There are only two adjustable relaxation rates in the MRT-LB scheme: s e and s ε ; the other two relaxation rates, s ν and s q , (11)], respectively. We fix s e = s v = 1/τ and vary s ε in the following test. In addition to the case of s ε = 1.54, which is the value used throughout this study unless otherwise stated, we also use s ε = 1.9. In Fig. 6 we show the contour plot of the pressure field p and the vorticity field ω at the upper-left corner (x, y) ∈ [0, 0.3] × [0.7, 1.0] obtained by using the MRT-LBE with the resolution of N 2 = 129 2 and two different values of the relaxation rate s e = 1.64 and s e = s v , and compared them with the TRT-LB and PS-MG results [18] . Bear in mind that in the TRT-LB scheme, s e = s ε = s ν . Because the MRT-LB results for s ε = 1.54 and 1.9 are very close to each other, only the case of s ε = 1.54 is shown in Fig. 6 . Clearly, the relaxation rate s e has no observable effect on the vorticity ω, but it affects the pressure p significantly. With s e = 1.64, the contours of the pressure p near the top wall all exhibit a kink, which disappears with s e = s v and with the TRT setting (s e = s ε = s ν ). Our tests indicate that the pressure p is affected significantly by s e and very little by s ε .
To further investigate the pressure field near the wall, we show in Fig. 7 the pressure field near the top and the left walls at the fluid nodes adjacent to the boundary, for the case of Re = 1000. The fluid nodes adjacent to the top driving lid and the left wall are located at y = δ x (1 − 1/2N ) and x = δ x /2N , respectively; we assume that the no-slip BCs are satisfied at the line δ x /2 beyond the last fluid nodes, as discussed in Sec. II B. It can be seen clearly that, when N = 65, the pressure field p obtained by using the MRT-LBE with s e = 1.64 has a kink near the top-left corner, where the velocity field is singular mathematically, while the pressure obtained with the TRT-LBE does not exhibit the kink. The kink may indicate that, with the particular choice of s e = 1.64, the pressure field obtained by using the MRT-LBE oscillates near the top wall with a very short wavelength of about two grid spacings; and the 056710-9 oscillations quickly attenuate. We observe that, with the choice of s e = s v and s ε = 1.54 (or 1.9), the kink in the pressure field near the top wall disappears completely. Note that, for Re = 1000, both the ELBE and LBGK schemes diverge with the resolution N = 65. For N = 129 and 257, the pressure field obtained with the ELBE exhibits strong oscillations near the top-left corner, and the magnitude of the oscillations is reduced as N increases while the Reynolds number is fixed. This is understandable because with Re fixed, the value of τ increases linearly as N increases, and so do the viscosity ν and the dissipation to the density fluctuations in the system, as indicated by Eq. (23) .
We also study the velocity field u and its gradient ∇u near the walls. In Fig. 8 we show the gradient of the tangential velocity u along the transverse direction, ∂ y u(x, y), and the transverse velocity v(x, y) for Re = 1000 at the fluid nodes adjacent to the driving lid, that is, y = (1 − 1/2N ), for N = 65, 129, and 257. Instead of showing u(x, y) near the top wall, we choose to show ∂ y u(x, y) for it illustrates more clearly the differences between the results obtained by using different methods. The tangential velocity near the top wall, u, has a very sharp gradient in the y direction near the top corners, which are captured by the MRT-LB and TRT-LB schemes, and as the resolution N increases, the velocity fields obtained by the MRT-LB and TRT-LB schemes agree with the PS-MG result better and better. The velocity field obtained by using the ELBE oscillates severely near the wall. Similar to the pressure field, oscillations are weakened as N increases.
In Fig. 9 we show ∂v(x, y)/∂x and u(x, y) near the left wall at x = δ x /2N for N = 65, 129, and 257. Similar to the results shown in Fig. 8 , the velocity field u obtained by using the ELBE scheme exhibits oscillations near the top-left corner, while the velocity field obtained by using the MRT-LB and TRT-LB schemes does not show any oscillation.
It should be emphasized that, for the ELBE and LBGK schemes with one relaxation time and the BB-type of BCs, it is impossible to achieve converging results as the mesh is refined because of inaccurate BCs. The inaccurate BCs can lead to severe adverse effects (cf., e.g., [48] ). To substantiate this point, we compute the positions where the no-slip BCs are satisfied in the simulations in the middle one-third sections of the left (L), bottom (B), and right (R) walls; that is, we compute the distance δ between the last fluid nodes to the locations where u = 0, which is derived from Eq. (19b):
For the Poiseuille flow, = 1/2; thus, δ = δ x /2 exactly. We use a parabola to fit the velocity tangential to a wall with three points adjacent to the boundary and on the grid line normal to the wall. The least-square fitted parabola is then extrapolated to find the position where the tangential velocity is equal to zero. We observe that in the middle one-third section of the walls, the tangential velocity is at least two orders of magnitude larger than the transverse velocity. In the ideal situation, that is, the Poiseuille flow, δ = δ x /2. We fix the mesh size N 2 = 65 2 and 129 2 and vary the value of the viscosity ν (or the relaxation parameter τ ). The results are summarized in Table IV .
In Table IV we present the mean valueδ, the maximum value δ M , and the minimum value δ m , of δ along the left (L), bottom (B), and right (R) walls. Clearly, the value of δ computed by using the MRT-LB and TRT-LB schemes varies very little-at the worst scenario the value of δ deviates from δ x /2 less than 6%. In contrast, the value of δ obtained by using the ELBE and LBGK schemes can be greater than 3.7δ x , which is more than three grid spacings away from the assumed boundary location.
To further illustrate the inaccuracy of the ELBE and LBGK schemes with the BB BCs, we use the following formula [34] to fit the tangential velocity along center lines of the cavity, where U * and N * are the effective maximum velocity and channel width, respectively, which are to be determined by the least-square fitting. For the MRT-LB and TRT-LB schemes, the corresponding formula is
We use a small mesh of size N 2 = 33 2 and τ = 3.0, which means very small Reynolds number. The tangential velocities along the horizontal center line (y = 1/2) near the left wall (x = 0) and along the vertical center line (x = 1/2) near the bottom wall (y = 0) are fitted with Eqs. (30a) and (31) . The results are shown in Fig. 10 .
The results shown in Fig. 10 indicate that, when the flow is laminar, the tangential velocity near the wall is accurately represented by a parabola when the transverse velocity is small enough, that is, when the location is sufficiently away from the corners so the nonlinear term u·∇u is sufficiently small. The result also suggests that, with U and Re fixed, the velocity field obtained by using the ELBE or LBGK scheme with the BB BCs will not converge when the resolution N increases. This is because τ increases linearly with N [cf. Eq. (23)], and for the SRT collision models with the BB BCs, = 12ν 2 = 12(NU/Re) 2 [cf. Eq. (19b)]; therefore, the location where u = 0 is satisfied will move further and further away from the last fluid nodes as N increases.
To further substantiate this point, we compute the τ dependence of the slip velocity U s on the boundary node at the center of the bottom wall by using the ELBE scheme with N = 33. For a given value of τ , we can fit the velocity tangential to the wall with a parabola which includes two parameters, the effective maximum velocity U * and the effective channel width N * , as the results shown in Fig. 10 . The velocity profile is then extrapolated to the boundary node to obtain the effective slip velocity U s , which is compared with the value of U s computed from Eq. (30b). As shown in Fig. 11 , clearly, the τ dependence of U s /U * in the cavity flow is well predicted by Eq. (30b), which is exact for the Poiseuille flow. Therefore, to achieve convergence by using the SRT-LB schemes, that is, the ELBE and LBGK schemes, with the BB BCs, one must maintain a constant ν with a fixed Re in order to control the error due to inaccurate BCs, which means the product UN must be kept as a constant so U must decrease as 1/N when the resolution N increases. Consequently, the number of iterations for the SRT-LB schemes to attain steady state would grow as ReN 2 , as opposed to ReN/U for the MRT-LB schemes with U kept as a constant. Our results shown in Table IV and Figs. 10 and 11 unequivocally demonstrate that the so-called slip velocity U s obtained by using the ELBE and LBGK schemes is merely a numerical artifact of these models due to their inaccurate BCs. The slip velocity obtained by using any scheme based on the SRT model, such as the ELBE and LBGK ones, cannot converge as N increases with fixed Re, Ma, and Kn; hence, it is N dependent. In fact, for most ELBE and LBGK simulations of flow through a microchannel [35] [36] [37] 49] , the resolution N is indeed used as a fitting parameter, and such results are erroneous and flawed, as pointed out previously [38, 39, 41, 50] . On the other hand, the MRT-LBE is free of the inherent defects of the SRT model and is capable of reproducing convergent results [41] .
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D. Accuracy and convergence
We now study the convergence behavior of the LB schemes. For the Reynolds number Re = 100, 400, and 1000, the mesh resolutions, N 2 , used for the LB simulations are 65 2 , 129 2 , 257 2 , and 513 2 . We first compute the total energy E and the total enstrophy Z of the system:
where is the entire flow domain, and both the velocity u and the vorticity ω have been properly normalized by U and L/U , respectively. We also compute the L 2 -normed error for the velocity field, u N (x i ), obtained by using an LB scheme with a given mesh resolution N 2 , 
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TABLE IV. The distance (δ) of the last fluid node to the boundary wall, where u = 0. L, B, and R indicate the left, bottom, and right wall, respectively.δ, δ M , and δ m denote the averaged, maximum, and minimum values of δ in the middle one-third of a wall, respectively. When the PS-MG solution is used as the reference solution, it is interpolated to the equispaced mesh of size N 2 used in the LB simulations. The above formula can also be applied to the vorticity and pressure fields. We can also estimate the convergence speed α as the following: When computing the total energy E and the total enstrophy Z, the integrations of u·u/2 and ω 2 /2 are carried out over the entire flow domain or only the fluid nodes, that is, excluding the boundary ∂ . When the boundary ∂ is included in the integration, the integrand is weighted with a factor of 1/2 and 1/4 at ∂ and the four concerns, respectively, because the boundary is only δ x /2 away from the nearest fluid nodes. The Clenshaw-Curtis quadrature formula for integration is used to compute E and Z from the flow field obtained by using PS-MG method [18] .
In Table V we present the total energy E integrated over and \∂ . Several observations can be made. First of all, the value of E computed on the entire flow domain decreases monotonically as N increases, while the value of E computed on fluid nodes alone, that is, on \∂ , increases monotonically, hence providing the upper and lower bounds of Fig. 12 . However, the convergence speed for the lower bounds is scheme dependent. For the MRT-LB and TRT-LB schemes, the convergence speed is about 2.0; and the ELBE and LBGK schemes cease to converge when N 129, as shown by the right panel of Fig. 12 . This clearly indicates the importance of the BCs and demonstrates the superiority of the MRT-LB and TRT-LB schemes over the ELBE and LBGK schemes. The inaccuracy of the BCs in the ELBE and LBGK schemes severely degrades the quality of the velocity field, as shown in the previous section, which, in turn, negatively affects the quality of integral quantities in the system, such as E. A similar observation has made previously (cf., e.g., [48] ). In Table VI we present the values of the total enstrophy Z computed over the entire fluid domain or only on the fluid nodes \∂ , similar to the total energy E in Table V . Because the vorticity ω = ∇ × u is singular on the top corners, we should not expect ω computed with finite-difference to converge as N increases. Indeed, Z does not seem to converge when it is computed with the boundary value, while Z obtained by integrating over the fluid nodes alone appears to converge to the corresponding values obtained by using the PS-MG method with the convergence speed approximately equal to 1.0.
In Table VII we show the L 2 -normed errors for the velocity field u, the vorticity field ω, and the pressure field p, with the reference fields obtained by a particular LB scheme with the largest mesh size N 2 = 513 2 . This is a consistency test to see if the solution of each LB scheme converges when mesh is refined. It should be pointed out that the grid points on two different meshes are not perfectly laying on top of each other because the boundary is only δ x /2 away from the fluid nodes adjacent to the boundary. This introduces a systematic error when it is assumed that the grid points on two meshes are perfectly aligned with each other. The alternative would be to interpolate data in one mesh to the grid points of the other mesh. This would introduce the error due to interpolations. We use the former approach, that is, assuming the grid points on two meshes are aligned with each other, because it is simpler. The data in Table VII show that the convergence speed α for the velocity u and the vorticity ω is approximately 1.5 and 1.0, respectively, independent of the Reynolds number Re. As for the pressure p, the convergence speed depends not only on the Reynolds number Re, but also on the scheme. For the MRT-LB and TRT-LB schemes, the convergence speed for p increases from about 1.0 at Re = 100 to about 1.5 at Re = 1000. For the ELBE and LBGK schemes, the trend is the opposite: The convergence speed decreases from about 1.5 at Re = 100 to about 1.0 at Re = 1000. Given the singular nature of the flow, the convergence speeds for u, ω, and p observed here are those of a second-order scheme and consistent with the theory [29] .
In Table VIII we show the L 2 -normed errors by using the PS-MG solutions with N = 96 [18] as the reference fields in Eq. (33) . The errors are computed over the entire flow domain , that is, including the boundary ∂ . We note that the errors between the LB and PS-MG solutions are smaller in general than those in Table VII , except some isolated cases: the velocity field u computed by using the ELBE scheme at Re = 400 and 1000 and the pressure field at Re = 1000. This suggests that the systematic error due to mismatched grid points in the LB TABLE VII. Convergence of the LB simulations. The reference fields in Eq. (33) are obtained by using the LB schemes with the largest mesh size N 2 = 513 2 . For Re = 1000, both the ELBE and LBGK schemes are unstable when N = 65. The rows denoted with "α" are the convergence speed. TRT  ELBE  LBGK  MRT  TRT  ELBE  LBGK  MRT  TRT  ELBE (33) are obtained by using the PS-MG method with N = 96 collocation points in each dimension [18] . The PS-MG solutions are interpolated to the equispaced meshes used in the LB simulations. For the convergence speed α, "-" indicates the error not convergent, and "0" indicates very small α. TRT  ELBE  LBGK  MRT  TRT  ELBE  LBGK  MRT  TRT  ELBE grid refinement may not be negligible. The convergence speed α for the velocity field obtained by using the MRT-LB and TRT-LB schemes weakly depends on the Reynolds number Re: It varies between 1.09 at Re = 100 and 1.30 at Re = 1000. In contrast, the convergence speed of the velocity field obtained by using the ELBE and LBGK schemes has a much stronger dependence on Re. For both the ELBE and LBGK schemes, at Re = 100 the velocity field fails to converge. At Re = 400 and 1000, the ELBE scheme converges very slowly, while the LBGK scheme converges with a speed of about 1.5 or better. However, we can expect the convergence behavior of the ELBE and LBGK schemes to deteriorate as the mesh size N becomes sufficiently large that τ > 1, due to their inaccurate BCs. The vorticity field obtained by the LB schemes converges very slowly to the ps-mg solution, While the pressure field does not seem to converge at all. In absence of a body force, the vorticity ω in compressible flows satisfies the following equation:
where σ is the stress tensor including the bulk viscosity ζ . For incompressible flows, ∇· u = 0, the density ρ is a constant, and the pressure p satisfies the Poisson equation. Since the LBE does not solve the Poisson equation accurately [29, 51] , the compressibility effect can affect ω through all the terms involving u, p, and σ in Eq. (35) , because the velocity field u has a non-negligible dilatational component. It appears that the compressibility effect in the LB solution severely degrades the accuracy of the vorticity field in this case. We will quantify the compressibility effect later.
To further investigate the convergence behavior of the LB schemes, we compute the differences between the flow fields obtained by the LB schemes and the PS-MG method in the middle portion of the interior flow domain, which excludes (N − 1)/32 grids around the boundary; this reduces the total number of grid points by about N 2 × 31/256 ≈ N 2 /8. As shown in Table IX , the errors in the interior are significantly smaller than their counterparts on the entire flow domain except the following cases: the velocity field computed by using the ELBE scheme at Re = 400 and 1000, the vorticity field by the ELBE and LBGK schemes at Re = 100, and the pressure field by all LB schemes at Re = 1000. The convergence speed is also changed. Compared to the errors on the entire flow domain , the convergence speed of the velocity field by using the MRT-LB and TRT-LB schemes has decreases slightly to about 0.65 (from ca. 1.1), and has increases to about 1.68 and 1.81 (from ca. 1.13 and 1.30) at Re = 400 and 1000, respectively. The convergence speed obtained by using the ELBE scheme decreases to about 0.07 and 0.12 (from ca. 0.25 and 0.60) at Re = 400 and 1000, respectively, while that obtained by using the LBGK scheme decreases slightly to about 1.36 and 1.6 (from ca. 1.55 and 1.75).
The the convergence speed of ω on the interior flow domain is considerably better than that on the entire flow domain. It is particularly interesting to note that in many cases the convergence speed of the vorticity field ω in the interior flow domain is consistently better than that of the velocity field u, as evidently shown in Table IX . For the MRT-LB and TRT-LB schemes, the convergence speed of ω is better than 1.9 in all cases, as opposed to between 0.16 and 0.32 on the entire flow domain. The ability of the MRT-LBE to accurately compute vorticity field has also been observed in simulations Table VIII . The errors are computed over the interior flow domain by cutting away (N − 1)/32 grid points along the boundary. For the convergence speed α, "-" indicates the error not convergent, and "0" indicates very small α. TRT  ELBE  LBGK  MRT  TRT  ELBE  LBGK  MRT  TRT  ELBE of turbulence in three dimensions [16] . For the LBGK scheme, the convergence speed of ω is better than 2.2 at Re = 400 and 1000. As for the ELBE scheme, the convergence speed of ω is only 0.34 and 0.45 at Re = 400 and 1000, respectively. As for the pressure field p, the convergence speed remains the same as on the entire flow domain; the pressure field does not appear to converge to the PS-MG solution.
The data in Table IX reveal some interesting observations. First, the error in the LB simulations concentrates mostly in the boundary region. In the case of the cavity flow, the corner singularities may be the main cause of the problem. Secondly, with carefully tuned equilibria, the MRT-LBE can solve both the velocity field u and vorticity field ω with a convergence speed about 2 in regions where the flow is smooth. This can be explained as the following. According to Noether's theorem, which states that any differentiable symmetry of the action of a physical system has a corresponding conservation law, the conservation laws of the linear and angular momenta correspond to Galilean and rotational invariance, respectively. The LBE preserves both invariances up to second order in the wave vector k [9] and consequently the conservation laws of the linear and angular momenta to the same order of accuracy. Although this does not constitute a rigorous proof, it helps explain the phenomenon.
With Ma = 0.1 × √ 3 ≈ 0.1732, the rms density fluctuation δρ 2 in the system is of the order O(10 −3 ) (cf. Table X related discussion later). Given the fact that the pressure field p obtained by using the LB schemes has a significant compressibility component proportional to Ma 2 , it is expected that the pressure p is most sensitive to the error due to the compressibility effect in the LBE. The data in Table IX attest again the crucial role that the BCs play in the LB simulations. Clearly, the MRT-LB and TRT-LB schemes are far more accurate than the ELBE and LBGK schemes in terms of the convergence speed and the magnitude of errors in u and ω, and the ELBE scheme is the most inferior in all these measures.
To quantify the compressibility effect, we compute the rms density fluctuation (δρ) 2 and the rms velocity divergence (∇·u) 2 in the system (δρ) 2 
where x i are fluid nodes. The results of (δρ) 2 and (∇·u) 2 are tabulated in Table X . Several observations can be made. First of all, for all LB schemes, with a fixed the Mach number Ma, the rms density fluctuation (δρ) 2 is nearly independent of the mesh resolution N and decreases as the Reynolds number Re increases. The rms density fluctuation is approximately equal to 3.0 × 10 −3 , 1.6 × 10 −3 , and 1.3 × 10 −3 at Re = 100, 400, and 1000, respectively.
Second, for the MRT-LB and TRT-LB schemes, the rms velocity divergence (∇·u) 2 does not seem to depend on either N or Re. As for the ELBE and LBGK schemes, the rms velocity divergence decreases as N increases and increases as Re increases. Since in the ELBE and LBGK schemes the bulk viscosity ζ = ν/2, as Re increases with a fixed N , ζ decreases, and so similarly do the decay rates of all other nonconserved modes, leading to weaker dissipation to all nonconserved modes, including the modes related to the compressibility term ∇ρζ ∇·u in the Navier-Stokes equation. In the case of increasing N with a fixed Re, ζ and all the other decay rates increase, resulting in stronger dissipation to the modes related to the compressibility effect. This explains the dependence of the rms velocity divergence on N and Re for the ELBE and LBGK schemes. It is interesting to note that the bulk viscosity ζ in the MRT-LBE is fixed, while in the TRT-LBE it is identical to that in the LBGK scheme, and yet, the rms density fluctuation and the rms velocity divergence behave almost identically for the MRT-LB and TRT-LB schemes. This indicates that the dissipation of the "heat fluxes" q, determined by s q , and the BCs play a crucial role here. This is certainly more complicated than the case without boundary [23] and suggests that the TRT-LBE is a much better approach than the ELBE with a tunable bulk viscosity [26] . Finally, since the rms density fluctuation and the rms velocity divergence are the direct measures of the compressibility effect, which is proportional to O(Ma 2 ), and the pressure field is most direly affected by the compressibility effect through the simple equation of state in the LBE, p = c 2 s ρ, to improve the accuracy of the pressure field p, the Mach number must be decreased, as observed previously (cf. [23, 43] ). . However, to demonstrate the effect of s q on the numerical stability of the MRT-LBE, we also vary s q independently in the test. Table XI lists the values of relaxation rates used in the test.
In Fig. 13 we show the result of the stability test. Clearly, the ELBE and LBGK schemes are shown to be the most inferior in this test, and there is no observable difference between the ELBE and the LBGK schemes in terms of stability. It is evident that the ELBE scheme does not improve numerical stability of the LBGK scheme. The TRT-LB scheme is more Table XI and Fig. 13 ), then the stability of the MRT-LBE is improved when s ν = 1/τ 1.965, but degraded when s ν = 1/τ 1.965, as shown in Fig. 13 . If we use s q = 1.9 and increase s e from 1.64 to 1.8 (the case MRT2 in Fig. 13 ), the stability is weaker than the case of MRT1. We note that the numerical stability of the LBE can be affected by factors other than the relaxation rates. For example, the stability would be different if one uses the "compressible" version of the LBGK model of which the equilibria are [52] 
We do not use the compressible LB model because we would like to minimize the compressibility effect, because we are only interested in simulating incompressible flows. Another factor may be the mean density ρ 0 . In our implementation, we set ρ 0 = 1 so the LBE can approximate the Poisson equation obeyed by the pressure [51] . In addition, to reduce the effects due to round-off error we only consider the density fluctuation δρ in the mass conservation [22, 23] , as indicated in the equilibria defined by Eqs. (5) and (12) . With a value of ρ 0 > 1 [52] , the effect of the round-off error is enhanced, but the relative density fluctuation δρ/ρ 0 is reduced; hence, the stability might be improved. We should also emphasize that the numerical stability must be discussed in connection with accuracy and computational efficiency. That is, one must not pursue stability at the expense of accuracy and efficiency, and especially accuracy. To optimize the computational efficiency, U should be maximized, for a larger U effectively leads to a larger CFL number, as discussed previously in Sec. III A. However, the truncation error due to u 3 terms grows as U increases [9] , which can be eliminated only with a larger discrete velocity set, for example, D2Q21 model [53] . With these considerations in mind, one should use the maximal value of U without compromising accuracy. With U properly chosen, the issue of optimizing the stability becomes minimizing the viscosity ν. However, one should not relentlessly push the lower limit of ν; otherwise, the results of direct numerical simulations become dubious if the grid Reynolds number Re * := Uδ x /ν becomes too large. Thus, one must strike a balance between accuracy, efficiency, and stability, and in that order.
To compare the computational speed of different LB schemes, we use a mesh of size N 2 = 129 2 with the Reynolds numbers Re = 1000, 1500, 1800, and 2000. All the computations are carried out on an Intel Xeon (x86-64) processor with two dual cores of 2.992 GHz and 8 GB RAM. The codes are written in C and compiled with the Intel compiler ICPC. Table XII provides the number of iterations (N t ) and the CPU times (T CPU ) for the LB schemes to attain a steady state according to the criterion of Eq. (21), and the ratios (R T ) between the CPU times of the MRT, TRT, and ELBE schemes versus the LBGK scheme, of which the CPU time is the shortest. Clearly, we can see in Table XII that the number of iterations to reach steady state N t ∝ N Re/U . The results also show that, while the TRT-LB and MRT-LB schemes are about 15% and 25% slower than the LBGK scheme in terms of CPU time, respectively, the ELBE scheme is about 2.5 times slower. We also note that with the mesh size of N 2 = 129 2 , both the ELBE and the LBGK do not converge for Re = 2000.
IV. CONCLUSIONS AND DISCUSSION
In this work we conduct a comparative study of several lattice Boltzmann schemes including the MRT-LB, TRT-LB, ELBE, and LBGK D2Q9 models, in terms of accuracy, numerical stability, and computational efficiency. As a benchmark test, we use the lid-driven square cavity flow in 2D with the Reynolds numbers Re = 100, 400, and 1000, for which the flow is steady and laminar. We compare the LB solutions with the solutions obtained by using the PS-MG method with singularity subtraction technique [18] . The evidence shows that the MRT-LB and TRT-LB schemes are superior over the ELBE and LBGK schemes in terms of accuracy, stability, and computational efficiency.
We made the following observations through this study. First, all the LB schemes are capable of capturing the gross hydrodynamic features of the flow. We compare the contours of the pressure field p, the stream function ψ, and the vorticity field ω computed by using the LB schemes with those by using the PS-MG method [18] and find that they agree well with each other. The LB schemes can reproduce quantitatively accurate results, such as the locations and intensities of the primary, secondary, and even tertiary vortices. Both the MRT-LB and the TRT-LB schemes can capture the tertiary vortex at Re = 1000 with a mesh of size N 2 = 129 2 , while both the ELBE and LBGK schemes require a finer mesh of size N 2 = 257 2 to observe the tertiary vortex.
Second, we observe that one major source of errors in the LB simulations comes from BCs, and this problem is particularly severe for the ELBE and LBGK schemes coupled with the BB BCs. The problem is twofold: With the relaxation parameter τ close to 1/2, flow fields near no-slip boundaries oscillate severely with high frequencies, and with τ 1, the boundary locations move away from supposed positions considerably and are τ dependent. Both these defects can be overcome by using the MRT models.
Third, all the LB schemes (MRT, TRT, ELBE, and LBGK) exhibit a self-consistent convergence behavior of a secondorder scheme, as expected [29] . The solutions of the velocity u, the vorticity ω, and the pressure p obtained by using a particular LB scheme converge to unique limiting states as the resolution N increases with expected convergence speed. However, the LB solutions of u, ω, and p do not necessarily converge to the corresponding solutions of the PS method [18] . When compared with the PS solution of the velocity field u on the entire flow domain, both the MRT-LB and TRT-LB schemes are shown to be only marginally of second-order convergence, so is the LBGK scheme at Re = 1000, while the ELBE scheme is only of first-order. However, when compared with the PS solution of the velocity field u in the interior flow domain, the MRT-LB, TRT-LB, and LBGK schemes are clearly of second-order convergence, and the ELBE scheme is only of first-order convergence, except for the case of Re = 100. At Re = 100, both the MRT-LB and the TRT-LB schemes are of first-order convergence, while neither the ELBE scheme nor the LBGK scheme converges at all. In particular, it is interesting to note that the vorticity field obtained by using the MRT-LB and TRT-LB schemes, and the LBGK scheme in some cases, is of second-order convergence, and the convergence speed is consistently better than that of the velocity field, while the convergence speed for the ELBE is only of first-order. In most cases, the pressure field p obtained by the LB schemes either converges very slowly or does not converge at all to the PS solution.
Fourth, we note that the ELBE scheme does not in any way improve the stability of the LBGK scheme, while its computational cost is almost tripled. In terms of accuracy, the ELBE scheme is even inferior to the LBGK scheme. One reason that the ELBE cannot improve the stability is that, when τ is approaching 1/2, the ELBE does not have sufficient dissipation to damp density fluctuations in the system [9] , and the interactions of the acoustic waves generated by density fluctuations can instigate numerical instabilities. To overcome this shortcoming of the ELBE scheme, an adjustable bulk viscosity can be introduced [26] . This approach basically adopts the MRT technique, but only half-heartily, while clinging to all other deficiencies inherent to the ELBE/SRT methodology. We do not test the ELBE with a variable relaxation time [52, 54] , which is supposed to guarantee numerical stability, because it is computationally inefficient and unphysical with a viscosity depending on space and time; a stable but inaccurate, unphysical, and inefficient scheme is simply not a viable one.
Fifth, in terms of CPU time the LBGK scheme is only about 25% and 15% faster than the MRT and TRT schemes, respectively. However, given the inherent deficiencies in the LBGK scheme, this insignificant saving in CPU time is beside the point, because the LBGK scheme with the BB BCs cannot yield convergent results as the mesh size N increases. Furthermore, for most LB algorithms which are light in floating point operations (FLOPs), the computational speed is limited by memory bandwidth and cache size; thus, the difference in the computational speed due to insignificantly different number of FLOPs will diminish. Thus, 25% difference in CPU time is not a valid justification to promote the LBGK scheme.
Finally, we would like to discuss the choice of the relaxation rates {s i } in the MRT-LBE. Often, critics of the MRT methodology complain about its "complexity," and one aspect of the complexity is that it appears that there are no analytic guidelines to determine the relaxation rates. These criticisms are not entirely valid. First of all, the MRT collision model is a linear one, of which the LBGK model is a special case, and it is well understood in kinetic theory and there exists a vast literature on the subject (cf., e.g., [21] and references therein).
Within the context of the LBE, certain guidelines do exist. In kinetic theory, hydrodynamic time scales of the conserved modes are vastly separated from those of kinetic (nonconserved) modes, that is, time scales of kinetic (nonconserved) modes are much shorter than the hydrodynamic ones. This vast separation of time scales is not satisfied in the LBE for it has very limited number of modes which are closely coupled together through relative simple algebraic relationships defined by the LBE (2), so the range of these relaxation rates is rather limited, and the dynamics of kinetic modes in the LBE has severe effects on BCs and numerical stability. It is difficult to determine, analytically and a priori, optimal relaxation rates in terms of both accuracy and stability. This is especially true for 3D models with a large number of discrete velocities (or the moments).
While it is relatively easy to obtain relaxation rates for optimal linear stability [9] , it is not so for nonlinear stability. It is also not easy to analytically determine the effects of relaxation rates on the BCs in general (cf. [14] ). However, one can still determine the relaxation rates which can be used to yield reasonable accuracy and stability. In this regard, the TRT-LBE is the simplest alternative which improves both accuracy and numerical stability. The point to emphasize is that the MRT formalism allows improvements by adjusting the relaxation rates, which is not possible for the models with SRT. We note that a thorough and detailed investigation of the effects of the relaxation rates on the accuracy and stability is beyond the scope of this work and should be a subject of future studies.
The results of this study demonstrate that there are at least three relaxation rates, s ν , s q , and s e , which have significant effects on accuracy and numerical stability of the MRT-LBE. Therefore, to optimize accuracy and numerical stability, it is necessary to have three adjustable degrees of freedom in the MRT-LBE provided by s ν , s q , and s e , which determine the value of the shear viscosity ν (or the Reynolds number Re), the accurate locations of the Dirichlet BCs, and the bulk viscosity ζ [cf. Eq. (10b)]. If numerical stability is not a consideration, one should use the TRT-LBE [5] [6] [7] ; that is, the odd-order moments are relaxed by the rate s q (s ν ) (cf., e.g., Eq. (11) and [14, 55] and references therein), while the even-order moments are relaxed with the rate s ν . With three adjustable relaxation rates, the MRT-LBE provides minimal degrees of freedom required by accuracy and stability, and can enhance the computational efficiency ultimately.
In summary, our conclusion is that, while it may be theoretically interesting, the ELBE scheme is so inferior to the MRT scheme in terms of accuracy, numerical stability, and computational efficiency that it must not be used as a practical scheme for numerical simulations. We also note that one important and challenging issue in the LBE is to improve accuracy of the pressure field p. In this regard, investigation of the artificial compressibility method [31, 32] may offer some new insights.
